The vibrations of deformed bodies interacting with an elastic medium are considered. The problem reduces to finding those values of complex Eigen frequencies for which the system of equations of motion and the radiation conditions have a nonzero solution to the class of infinitely differentiable functions. It is shown that the problem has a discrete spectrum located on the lower complex plane and the symmetric spectrum is an imaginary axis.
Introduction
In this paper we consider oscillations of cylindrical bodies in a deformable medium [1] [2] [3] . From the physical point of view, the damping in an ideal elastic medium is explained by the radiation of energy excited by the natural oscillations due to divergent elastic waves. The behavior of complex Eigen frequencies depending on the geometric and physic mechanical parameters of the system is investigated. The environment of cylindrical and spherical bodies is considered as elastic, viscoelastic and multicomponent. The obtained numerous results are compared on a computer. A piecewise homogeneous mechanical system is regarded as dissipative homogeneous and inhomogeneous. The ideal elastic body Open Access Library Journal has no losses [4] [5] . Such a body is characterized by a linear single-valued relationship between stress and strain throughout the entire period of the alternating voltage. Hence it follows that stress and deformation are always in phase.
The energy dissipation of an elastic wave will occur if the stress and strain are not connected by an unambiguous dependence during the period of oscillations.
The absence of such an unambiguous relationship between stress and deformation arises when temporal derivatives appear in the equation connecting them.
Even if the equation is linear with respect to stress and strain, the presence of time derivatives is always associated with dissipation. As a result, with an alternating voltage there is a hysteresis effect. This means that in the frequency range in which attenuation has an appreciable magnitude, the strain will lag behind the voltage. The presence of only a nonlinear connection between stress and deformation (without time derivatives in the equation) has two effects. Such a connection, firstly, leads to the interaction of the elastic wave under consideration with other waves (for example, with thermal vibrations) and as a result there is a redistribution of energy between the waves. Secondly, the considered wave will generate higher harmonics, transferring their energy to them. In both cases, the interaction depends on the strain amplitude. The nonlinear relationship between stress and strain in the presence of time derivatives also leads to damping, which depends on the strain amplitude. The Eigen vibrations of the rods and shells in an elastic medium are considered in [6] [7] [8] . In these works, the environment of rods and shells is replaced by elastic springs, i.e. the coefficient of spring stiffness is taken into account in the calculation. In [9] , free oscillations of spherical shells interacting with an elastic medium. Numerical results are obtained and analysis is made. In the present paper, in contrast to the known papers, instead of the Somerfield radiation condition at infinity, an alternative condition is considered-non-reflecting boundaries.
The Body's Own Oscillations in the Medium
Three problems of natural oscillations of bodies interacting with the medium are considered.
We consider model problems for the wave equation and, for example, demonstrate the general scheme for constructing a solution with allowance for the radiation principle. The solution of the problem of natural oscillations of a semi-infinite rod with mass m (Figure 1 ) has the form ( ) As can be seen, Figure 1 with increasing x displacement ( ) It is required to find the solution of the following homogeneous equation: 
We express the solution of (2.1) in the form ( ) ( ) 
To determine the constants C we have the following boundary conditions: 
, that is, the right-hand end is set to the radiation conditions 1 0 β = , then (2.6) takes the following form 1  1   2   2  2  2  1   2  2  2  1 e 0
The spectrum of eigenvalues is defined by formula
where by logarithm is meant the main real branch is the invalid part of the eigenvalues k ω has the meaning of the frequency of natural oscillations. They exactly coincide with the natural frequencies of the left side of the rod 
Reflection is absent, since the supplied conditions are satisfied by a divergent cylindrical and spherical waves. do not depend on the length of the right rod.
Anti-Flat Oscillations of a Cylinder Immersed in an Infinite Medium
It can be shown that, for 1 R  , the problem under consideration is equivalent to the problem of the eigen vibrations of a two-layered cylinder depicted in Figure 
. After some transformations, we get
Thus, the condition for r = R has the following form
For radial oscillations, it follows directly from (2.17) that
Under this condition (2.18), obtaining the frequency equation does not depend on the radius of the outer cylinder.
Radial Oscillation of a Spherical Body
Let us consider in an unbounded medium the radial oscillations of the cavity, 
At a → ∞ a natural frequencies 0 Thus, two problems for an infinite and finite domain are equivalent. This is explained by the fact that at the outer boundary conditions are set for the absence of reflection, which in the general case are written in the form 
The Eigen Vibrations of Piecewise-Homogeneous Cylindrical Systems
We consider the natural oscillations of piecewise-homogeneous cylindrical bo- 0; 
where n-integer; ω-complex natural frequency; 
With natural oscillations at r R ∞ = Shortened Sommerfeld conditions are put in place, i.e.
The solution of the wave equation is sought in the form
where ω-purity; n-is the number of waves; t-time;
Substituting (3.3) into (3.4), we obtain the Helmholtz equation, whose solution has the form
where ( ) ( ) ( ) therefore, the solution of (3.5) takes the form 
The roots of the transcendental (3.7) equation describe the frequency of the increasing modulus of elasticity, the corresponding natural frequencies of the mechanical system slowly increase.
Define Ω for different Poisson coefficients 1 ν and n. When n = 0 we obtain axially symmetric oscillations of the cylindrical hole. The partial Equation (3.8) takes the form ( ) ( ) ( ) ( )
The frequency Equation (3.9) is solved numerically, i.e. the Mueller method.
Results of calculations 0 n ≥ ( 1 0.25 v = ) of the natural oscillations are given in Table 2 . As can be seen from the table, the corresponding complex frequencies increase with increasing number of waves along the circumference. Complex frequencies consist of two parts, real (ReΩ) and imaginary parts (ImΩ) which means natural frequencies and damping coefficients. The results of the calculations are presented in Table 3 Re Ω 4.81550D+00 4.8144D+00 4.8137D+00 4.8134D+00 Re Ω 4.7709D+00 −i4.7677D+00 −i4.7667D+00 −i4.7662D−02 4 Re Ω 4.0795D+00 4.0866D+00 4.0845D+00 4.0831D+00
Re Ω 5.2295D −i5.2428D+00 −i5.2421D+00 −i5.2416D+00
Re Ω 6.1617D+00 6.1612D+00 6.1609D+00 6.1607D+00
5
Re Ω 3.5815D+00 −i3.5786D+00 −i3.5781D+00 −i3.5778D−02 Open Access Library Journal
As a result, we obtain a system of algebraic equations with respect to unknowns A n , B n . The change in the natural frequencies as a function of n is shown in Table 5 .
It can be seen that when I η = The imaginary parts of the complex frequencies tend to infinity. The picture is similar for a change in E, at E = I the imaginary parts of the complex frequencies tend to infinity.
A similar picture was constructed with a change in the parameter E. It can be seen from Figure 3 that when E = I the imaginary parts of the complex frequencies tend to infinity. Let us consider the natural vibrations of cylindrical shells in an infinitely elastic medium. The equation of motion of cylindrical shells and the environment is given in: 
Here, the index "0" refers to the shell, and "c" refers to the environment, R is the radius of the shell, ν 0 -Poisson's ratio, E 0 -modulus of elasticity of the shell, σ rr and 0θ σ -normal and tangential, the components of the reaction from the environment, Table 5 . Dependence of complex eigen frequencies of hard inclusion on ( )
η ρ ρ . 
where
The results of calculations are presented in Table 6 .
As an example, consider the axisymmetric vibrations of a cylindrical shell located in an unbounded elastic medium. The differential equation describing the axisymmetric vibrations of a cylindrical shell has the form: 
A particular equation for the sliding contact condition takes the form: 
In this case we obtain asymmetric vibrations of the cylindrical shell, which are described by equation
to the shell, and the "1"-to the environment).
If we use the asymptotic expression for the Henkel function for 1 1 l  , then for the zero and first orders we obtain the expression for complex Eigen fre-
To obtain complex and imaginary Eigen frequencies, it is necessary that condition ( 
To satisfy the first condition, the elastic modulus E must satisfy the inequality ( )
A similar condition is posed for η:
Numerical values of asymmetric x (n = 0) Eigen frequencies are given in the Table 7 . At As we see, ( ) Table 8 .
If the condition of rigid contact (equality of displacements at (r = a) is put on the interface of the shells with the medium, then the frequency equation (3.20) takes the form Table 9 . Dependence of the complex frequencies of non-axisymmetric oscillations of cylindrical shells on E for rigid contact. −i4.7809D+00 −i4.7677D+00 −i4.7667D+00 −i4.7662D+00 4 6.1617D+00 6.1612D+00 6.1609D+00 6.1607D+00 −i5.5815D+00 −i5.5786D+00 −i5.5781D+00 −i5.5778D+00 Table 10 . Dependence of the complex frequencies of a cylindrical layer on η. The formulation of the problem of investigating energy dissipation in the propagation of waves in an elastic medium with spherical inclusions is proposed.
The coefficient of the so-called scattering coefficient is introduced, which expresses the relationship between the energies of the incident and scattered waves in the sphere. Thus, the scattering coefficient is expressed in terms of the characteristics of the incident and scattered waves. 
Oscillations of a Deformable (Elastic or

Conclusions
1) The formulation of the problem is proposed for the natural oscillations of cylindrical bodies in a deformed medium. The task is to find those shown that the problem has a discrete spectrum.
2) Two problems of natural oscillations of bodies for an infinite and finite region for some relations of parameters turned out to be equivalent. This is due to the fact that at the outer boundary conditions are set for the absence of reflection.
3 4) From the discussion of the results it is established that with the increase of the elasticity modulus and Poisson's ratio, the corresponding natural frequencies of the mechanical system slowly increase. Natural frequencies ( 2 Ω ) and damping factors ( 1 Ω ) at sliding and rigid contact differ up to 15%., and at rigid contact more than 15%. With increasing shell thickness, natural frequencies increase to 10%.
